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Abstract
According to [8] if the stationary Schro¨dinger equation on n-dim. Riemann space admits
R-separation of variables (i.e. separation of variables with a factor R), then the underlying
metric is necessarily isothermic. An important sub-class of isothermic metrics are the so called
binary metrics. In this paper we study conditions for vanishing of components Cijkl of Weyl
tensor of arbitrary 4-binary metrics. In particular all 4-binary metrics for which Cijij are the
only non-vanishing components are classified into four classes. Finally, conformally flat metrics
of the last class are isolated.
1 Introduction
The method of separation of variables is one of the most useful method of solving linear partial
differential equations. The theory of R-separability of variables (separability with a factor R(x))
in the 3-dimensional Laplace equation were laid in the second part of nineteenth century with the
work of G. Darboux [2]. The detailed study of orthogonal coordinates in Euclidean spaces has also
been given by him in [1] and [3]. The contributions to separability of Schro¨dinger equation in n-
dimensional Euclidean space were made by H.P. Robertson [7] and L.P. Eisenhart [4]. In twentieth
century W. Miller and E.G. Kalnins studied separability theory also in connection with symmetries
(see e.g. [6]).
It is also of great importance to find and analyze exact solutions on non-flat spaces. The method
of separation allows to construct such solutions and moreover imposes the restrictions on the metrics.
This article is a part of the project of describing the geometry of isothermic metrics.
1.1 R-separability
We assume that 4-dimensional space R4 admits local orthogonal coordinates x = (x1, x2, x3, x4) in
which the metric has the following form
g =
4∑
i=1
H2i (dx
i)2, Hi = Hi(x). (1)
In [8] we investigated the problem of R-separability of n-dimensional stationary Schro¨dinger equation
∆ψ + (k2 − V (x))ψ = 0, ∆ = h−1
n∑
i=1
∂
∂xi
h
H2i
∂
∂xi
, h =
n∏
i=1
Hi, k = const, (2)
1
i.e. the existence of solution of the form ψ(x) = R(x)
∏
i ψi(x
i), where R(x) is a non-vanishing
function and functions of one variable ψi(x
i) satisfy
ψ′′i + piψ
′
i + qiψi = 0 (3)
for some pi(x
i), qi(x
i). In has also been shown that the stationary Schro¨dinger equation (2) is R-
separable in Rn if the metric is isothermic and the R-equation is satisfied (for details see Theorem
3 in [8]).
The isothermic 4-dimensional metric is given by (1) with
H2i = R
−2G−2(i) f
−2
i
4∏
k=1
G(k), (4)
where G(i) does not depend on x
i while fi depends only on x
i. Given six functions Gij(x
i, xj)
(i, j = 1, 2, 3, 4 and i < j). In (4) we put
G(i) =
∏
p,q 6=i
Gpq (5)
then Hi is given explicitly as
H1 =
G12G13G14
Mf1
, H2 =
G12G23G24
Mf2
, H3 =
G13G23G34
Mf3
, H4 =
G14G24G34
Mf4
, (6)
where Gij depend only on two variables x
i and xj and M stands for R. The metric (1) where Hi
are given by (6) is called binary metric.
1.2 Summary convention
It is difficult to maintain the summation convention when working with diagonal metrics. Therefore
Einstein summary convention is not used throughout this paper.
2 Geometric quantities for binary metrics
We will investigate the binary metric (1), (6) with specific Weyl tensor. We introduce new functions
ϕij(x
i, xj) defined by
Gij = exp(ϕij)
and use them to rewrite binary metric in the form
g =
1
M2
[
eϕ12+ϕ13+ϕ14
(dx1)2
F1
+ eϕ12+ϕ23+ϕ24
(dx2)2
F2
+ eϕ13+ϕ23+ϕ34
(dx3)2
F3
+ eϕ14+ϕ24+ϕ34
(dx4)2
F4
]
, (7)
where Fi = f
2
i (x
i). From now on we assume that Fi are arbitrary functions which could be also
negative. The Weyl tensor of binary metric (7) is given by (all indicies i, j, k, l are different and
2
range from 1 to 4)
C i jkl =0, i, j, k, l − different, (8)
Ck ikj =ϕij,iϕjk,j + ϕki,iϕij,j − ϕki,iϕkj,j −
1
2
∑
l 6=i,j
(ϕij,iϕjl,j + ϕli,iϕij,j − ϕli,iϕlj,j), i, j, k − different,
(9)
C ij ij =−
1
3
M2
[
1
2
G−2i Eij,iF
′
i +
1
2
G−2j Eji,jF
′
j −
1
2
∑
k 6=i,j
G−2k ∂k (Eki + Ekj)F
′
k
+ G−2i
(
Eij,ii − ϕij,i
∑
k 6=i,j
ϕik,i +
∑
l 6=i,j
∑
k 6=i,j,l
ϕil,iϕik,i
)
Fi
+ G−2j
(
Eji,jj − ϕij,j
∑
k 6=i,j
ϕjk,j +
∑
l 6=i,j
∑
k 6=i,j,l
ϕjl,jϕjk,j
)
Fj (10)
−
∑
k 6=i,j
G−2k
(
∂2k (Eki + Ekj)− 3ϕik,kϕjk,k +
1
2
∑
l 6=k
∑
r 6=k
ϕkl,kϕkr,k
)
Fk
]
i 6= j,
where
Eij = ϕij −
1
2
∑
k 6=i,j
ϕik.
3 Special binary metrics
As can be seen from (8), for any binary metric the components of Weyl tensor with all indices
different are zero (in fact, this is true for any diagonal metric). We classify all metrics (7) for which
in addition
Ck ikj = 0. (11)
If conditions (11) hold then there exists at most two non-zero independent components of Weyl
tensor (eg. C1212, C1313). To find all metrics for which (11) holds we consider the derivaties of
components of the Weyl tensor (9), namely
C l ilj,k = −C
k
ikj,k = −
1
2
(
(ϕij − ϕki),iϕjk,jk + (ϕij − ϕkj),jϕik,ik
)
, k 6= i, j, l. (12)
Introducing the following quantities
λijk = −λjik = (ϕjk − ϕik),kϕij,ij (13)
we can rewrite Ck ikj,k = λk(ij). Therefore, the necessary condition for (11) to be satisfied is
λ(ijk) = 0, i, j, k − different. (14)
Equations (14) can be rewritten as
λijk = λjki = λkij (15)
3
ϕ12 ϕ13 ϕ14 ϕ23 ϕ24 ϕ34
i) arbitrary U1 + U3 U1 + U4 U2 + U3 U2 + U4 arbitrary
ii) arbitrary U1 + U3 V1 + V4 U2 + U3 V2 + V4 Q3 +Q4
iii) U1 + U2 V1 + U3 Q1 + U4 V2 + V3 Q2 + V4 Q3 +Q4
iv) m ln |U1 − U2| m ln |U1 − U3| m ln |U1 − U4| m ln |U2 − U3| m ln |U2 − U4| m ln |U3 − U4|
Table 1: Components of the binary metrics (7) for which Ck ikj = 0.
for any three different indices i, j, k = 1, 2, 3, 4. Surprisingly all solutions of (15) are known [4]. They
are listed in Table 1, where funcions Ui, Vi and Qi depend only on x
i and m is constant.
It is noted that the Weyl tensor of Lorentzian binary metrics for which (11) holds might be
algebraically special of Petrov type D or O.
In the next subsection we concentrate on the case iv) where m is integer or half integer.
3.1 Case iv)
In the case iv) we assume that Ui (i = 1, 2, 3, 4) are non-constant function and choose Ui = x
i. Then
the metric (7) becomes
g =
1
M2
[
(x1 − x2)2m(x1 − x3)2m(x1 − x4)2m
F1(x1)
(dx1)2 +
(x1 − x2)2m(x2 − x3)2m(x2 − x4)2m
F2(x2)
(dx2)2
+
(x1 − x3)2m(x2 − x3)2m(x3 − x4)2m
F3(x3)
(dx3)2 +
(x1 − x4)2m(x2 − x4)2m(x3 − x4)2m
F4(x4)
(dx4)2
]
. (16)
We do not assume that functions Fi are positive, therefore in general the latter can have Riemannian,
Lorentzian or neutral (+ + −−) signature in some regions. All conformally flat metrics (16) with
m = N
2
(N ∈ Z) can be found.
Lemma. The metric (16) with integer or half-integer m is conformally flat if and only if
a) m = −1 and Fi(x
i) are constant functions,
b) m = −1
2
and Fi(x
i) are polynomials of second order,
c) m = 0 and Fi(x
i) are arbitrary functions of one variable,
d) m = 1
2
and Fi(x
i) are polynomials of sixth order.
Proof: The condition (11) is automatically satisfied for all metrics (16). Hence there exist only
2 independent components of Weyl tensor, e.g. C12 12, C
13
13, which depend lineary on Fi and F
′
i .
It turns out that[
x2(x1 + x3 − 2x4) + x3(x4 − 2x1) + x1x4
)
]C12 12 −
[
x3(x1 + x2 − 2x4) + x2(x4 − 2x1) + x1x4
]
C13 13
=
M2
2
m(2m− 1)
∏
k<l
(xk − xl)−2m−1
4∑
i=1
( ∏
k<l
k,l 6=i
(xk − xl)2(m+1)
)
Fi. (17)
4
There are two special cases: m = 0 and m = 1
2
which must be treated separately. If m = 0 then
metric (16) is obviously conformally flat for any functions Fi(x
i),
g =
1
M2
[
(dx1)2
F1(x1)
+
(dx2)2
F2(x2)
+
(dx3)2
F3(x3)
+
(dx4)2
F4(x4)
]
. (18)
In the case m = 1
2
it can be shown that
∂7i Fi = 0, i = 1, 2, 3, 4, (19)
so Fi(x
i) are polynomials at most of the sixth degree. Further analysis of the components C12 12,
C13 13 leads to conclusion that the coefficients of the polynomials are equal up to sign. Finally
conformally flat metric in this case can be written in the following form
g =
1
M2
4∑
i=1
∏
j 6=i(x
i − xj)∑6
k=0 ak(x
i)k
(dxi)2, (20)
where ak are arbitrary constants.
If m /∈ {0, 1
2
} then
L :=
4∑
i=1
( ∏
k<l
k,l 6=i
(xk − xl)2(m+1)
)
Fi = 0. (21)
By differentiate the latter with respect x1, x2, x3 and x4 we can express each F ′i in terms of F1, F2, F3, F4
and then eliminate F ′i from C
12
12 and C
13
13. The calculation ends up with the result
C12 12 = f1 L, C
13
13 = f2 L, (22)
where f1, f2 are two non-vanishing functions. This shows that (21) is a necessary and sufficient
condition for metric (16) to be conformally flat. We show below that there exist non-trivial solutions
for (21) only if m = −1 or m = −1
2
(we omit cases m = 0, 1
2
).
First let us assume that m < −1, then α = −2(m + 1) > 0 and it is more convenient to use
equation K = 0, where
K = L
∏
k<l
(xk − xl)−2(m+1)
= [(x1 − x2)(x1 − x3)(x1 − x4)]−2(m+1)F1 + [(x
1 − x2)(x2 − x3)(x2 − x4)]−2(m+1)F2
+ [(x1 − x3)(x2 − x3)(x3 − x4)]−2(m+1)F3 + [(x
1 − x4)(x2 − x4)(x3 − x4)]−2(m+1)F4. (23)
We can differentiate α times equation K = 0 with respect to x1, x2, x3 and x4 and obtain
α!3
[
(−1)αF
(α)
1 + F
(α)
2 + (−1)
αF
(α)
3 + F
(α)
4
]
= 0, (24)
where (α) in subscript denotes derivative of order α. This shows that Fi must be polynomials at
most of the degree α. We proceed further with F1. Calculating the derivative ∂
α+1
1 ∂
α−1
2 ∂
α
3 ∂
α
4K one
gets
(x1 − x2)F
(α+1)
1 + (α + 1)F
(α)
1 = 0 (25)
5
and so, F1 is a polynomial at most of the degree α − 1. Considering now ∂
α+1
1 ∂
α−l
2 ∂
α
3 ∂
α
4K, where
l = 1, 2, . . . , α we conclude by induction that F1 = const. An analogous treatment with F2, F3, F4
leads to the result
Fi = const, i = 1, 2, 3, 4. (26)
But then
K = (x1)−6(m+1)F1 + (−x
2)−6(m+1)F2 + (x
3)−6(m+1)F3 + (−x
4)−6(m+1)F4 +O, Fi = const, (27)
where O contains terms with xi to power less then −6(m + 1). We obtain from this Fi = 0,
i = 1, 2, 3, 4. This means that no solutions exist for m < −1.
If m = −1 then from (21)
4∑
i=1
Fi = 0. (28)
Hence, the following metric
g =
1
M2
4∑
i=1
(dxi)2
Fi
∏
j 6=i(x
i − xj)2
, (29)
is conformally flat provided Fi are constants and (28) is satisfied. It is easily seen that the latter
can have Riemannian, Lorentzian or neutral (+ +−−) signature.
Let us assume that m > −1 and consider the identity (21). Calculating derivatives of L = 0
with respect to all xi we obtain four new equations which must be satisfed by Fi and F
′
i , namely
∂iL = 0, i = 1, 2, 3, 4. (30)
Now we solve the latter for F ′i and insert them into
∂12L = 0, ∂13L = 0, ∂14L = 0. (31)
By this procedure we get four homogeneous equations involving only Fi ((21) and (31)). Non-zero
solution is possible if and only if detM = 0, where M is (4× 4) matrix containing coefficients of Fi
(i = 1, 2, 3, 4) in (21) and (31). It can be shown that
detM = −16(m+ 1)3(2m+ 1)3(x2 − x3)2(x2 − x4)2(x3 − x4)2
∏
k<l
(xk − xl)2(2m+1) (32)
and hence m = −1 (which was considered before) or m = −1
2
. Further analysis of the components
C12 12, C
13
13 for m = −
1
2
leads to conclusion that Fi are polynomials of second order. Finally we
obtain
g =
1
M2
4∑
i=1
(dxi)2∏
j 6=i(x
i − xj)
∑2
k=0 ak(x
i)k
, (33)
where ak are constants.
6
4 Conclusions
We found general forms of binary 4-dimensional metrics (see (7) and Table 1) for which Cijij are the
only non-vanishing components of the Weyl tensor. All conformally flat metrics of case iv) has been
found in explixit form, see (18), (20), (29) and (33). All of them could be Riemannian, Lorentzian
or neutral. Moreover in generic case neither of three solutions (20), (29), (33) are flat even for
M = const.
It is not difficult to construct an example of Lorentzian metric. Assume that polynomial∑6
i=0 ak(x
i)6 has exactly four real different roots bi and a6 > 0. If the coordinates (x
i) satisfy
inequalities
x1 > b1 > x
2 > b2 > x
3 > b3 > b4 > x4 (34)
than metric (20) has signature (+ + +−). The Lorentzian metrics could be potentially useful in
general relativity where they represent spacetime. Metric (20) is flat ifM is a constant function and
a5 = a6 = 0. If in addition polynomial a0 + a1z + a2z
2 + a3z
3 + a4z
4 has four real different roots
then (xi) constitute elliptic coordiates in Euclidean flat space.
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